伊吹山-斎藤理論の動機など(概均質ベクトル空間の研究) by 荒川, 恒男
Title伊吹山-斎藤理論の動機など(概均質ベクトル空間の研究)
Author(s)荒川, 恒男















$\mathrm{C}\mathrm{o}\mathrm{h}\mathrm{e}\mathrm{n}_{\text{ }}\mathrm{K}\mathrm{o}\mathrm{h}\mathrm{n}\mathrm{e}\mathrm{n}_{\text{ }}$ Eichler-Zagier , Skoruppa
1 Siegel zeta
$n$ symplectic $G_{n}:=s_{p_{n}}(\mathbb{R})$ $n$ Siegel
$\mathfrak{H}_{n}=\{Z={}^{t}Z\in M_{n}(\mathbb{C})|{\rm Im} Z>0\}$ :
$g=\in G_{n}$ $Z\in \mathfrak{H}_{n}$
$g\langle Z\rangle=(AZ+B)(CZ+D)^{-1}$
$J(g, Z)=\det(Cz+D)$
$\mathrm{r}_{n}:=s_{p_{n}}(\mathbb{Z})$ Siegel modffiar $\Gamma_{n}(N)$ :
$\Gamma_{n}(N)=\{\gamma\in \mathrm{r}n|\gamma\equiv 12n\mathrm{d}\mathrm{m}\mathrm{o}N\}$
$n\geq 2$ $\mathfrak{M}_{k}(\Gamma_{n}(N))$ degree $n$ , weight $k\text{ }\Gamma_{0}(N)$ Siegel
$\mathbb{C}$
$\mathfrak{M}_{k}(\Gamma_{n}(N))$
$f(\gamma\langle z\rangle)=J(\gamma, Z)^{k}f(Z)$ $\forall\gamma\in\Gamma_{n}(N)$
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n $f$ $6_{k}(\Gamma_{n}(N))$ cusp forms k(FFn(N))
:
$6_{k}(\Gamma_{n}(N))=$ { $f\in 9\pi_{k}(\Gamma_{n}(N))|(\det Y)^{k}/2|f(Z)|$ $\mathfrak{H}_{n}$ }
$g\in G_{n}$
$\mathrm{A}_{n,k}’(g):=J(g, i1_{n})-k\det(\frac{g\langle i1_{n}\rangle+i1_{n}}{2i})^{-k}$
$i1_{n}$ n $d_{n}g$ $G_{n}$ Haar measure
( [Shn] ) Selberg Godement [Go]
Theorem 1 (Godement) $k>2n$
dimc $\mathfrak{S}k(\Gamma n(N))=Cn,k\int_{\Gamma(}nN)\backslash G_{n}\gamma\in\Gamma_{n}(N)$$\sum$ $I\mathrm{f}_{n,k()}g^{-}1\gamma gd_{n}g$
$C_{n,k}$ $n,$






$L_{n}^{*}$ size $n$ $L_{n}^{*(i)}$ $(i, n-i)$
$x\in L_{n}^{*}$ $L_{n}^{*}$
$(s, L_{n}^{*})= \sum_{\sim x\in L_{n}^{(i}/}’)\mu(x)|\det x|-S$
$(0\leq i\leq n)$
$x$ $L_{n}^{*(i)}$ $SL_{n}(\mathbb{Z})-$ $\mu(x)$ $x$ density
$\xi_{n}^{*}(s):=\xi_{n}(s, L_{n}^{*})=\tau\in L\text{ }\hslash)/\sim\epsilon(T)^{-}1(\det\tau)-S$
$\epsilon(T)=\#\{U\in sL_{n}(\mathbb{Z})|{}^{t}UTU=\tau\}$
$L_{n}$ size $n$ zeta $(s, L_{n})(0\leq i\leq n)$








zeta $\zeta_{*}(s, L_{2})(0\leq i\leq 1)$ $s=3/2$
unipotent elements
[Shn] – $n$ unipotent elements
$0\leq r\leq n$
$\Pi_{r}:=\{\gamma\in\Gamma_{n}(N)|\gamma\sim \mathrm{r}_{n}$ , $x\in \mathrm{s}_{\mathrm{y}\mathrm{m}_{n}}(\mathbb{Z}),$ $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(x)=r\}$
$\gamma,$ $\gamma’\in\Gamma_{n}(N)$ $\gamma_{\Gamma_{n}}\sim\gamma’$ $\gamma$
$\gamma’$ $\Gamma_{n}-$
$\Pi_{r}$
$I_{n}(\Pi_{r}, N, k)$ $:=C_{n,k} \int_{\mathrm{r}_{n}(N})\backslash c_{n}\sum_{\gamma\in \mathrm{s}_{r}}I\mathrm{i}_{n,k}’(g^{-1}\gamma g)dgn$ $(0\leq r\leq n)$
Theorem 2(Shintani [Shn]) $0\leq r\leq n$ $I_{n}(\Pi_{r}, N, k)$
$I_{n}(\Pi_{r}, N, k)=\mathrm{C}_{\mathrm{o}\mathrm{n}}\mathrm{S}\mathrm{t}(n, k, N, r)\cdot\xi_{r}*(r-n)$
zeta $\xi_{r}^{*}(s)$ $s=r-n$ Const $(n, k, N, r)$






n $=\mathrm{u}\gamma\in \mathrm{r}_{n,\infty}\backslash \Gamma_{n}x\in L_{n},\det x\neq 0\lfloor\rfloor\gamma^{-1}\gamma$
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$I_{n}(\mathrm{I}\mathrm{I}_{r}, N, k)$
$I_{n}(\Pi_{r}, N, k)=C_{n,k}[\Gamma_{n} : \Gamma_{n}(N)]\mathrm{X}$
$\int_{\mathrm{r}_{n,\infty}\backslash G_{n}}x\in L_{\hslash},$$\mathrm{d}\sum_{\mathrm{e}\mathrm{t}x\neq 0}I\mathrm{t}_{n}^{r},k(g^{-1}g)d_{n}g$
$g=k$ $u\in \mathrm{s}_{\mathrm{y}\mathrm{m}_{n}}(\mathbb{R}),$ $h\in GL_{n}^{+}(\mathbb{R}),$ $k\in U(n)$
$I_{n}(\Pi_{r}, N, k)=$ Const $\cross\int_{GL_{n}^{+}}(\mathrm{R})/SL_{n}(\mathrm{z})x\in L_{n},$$\det x\neq\sum_{0}\det(1_{n}-ihxht)^{-k}(\det h)^{n}+1dh$
$dh$ $GL_{n}^{+}(\mathbb{R})$ Haar measure
$V_{n}(\mathbb{R})=\{x\in M_{n}(\mathbb{R})|x=^{t}x\}$ , $V_{n}^{n}=$ { $x\in V_{n}(\mathbb{R})|x$ }
$f_{n}^{*}(x, k)=\det(1-niX)^{-k}$ $(x\in V_{n}(\mathbb{R}))$
$Z(f_{n}^{*}(x, k),$ $L_{n},$
$S):= \int_{GL(\mathrm{R}}+n)/SLn(\mathbb{Z})(\det h)2s\sum_{x\in L_{n},\det x\neq 0}f_{n}^{*}(hx^{\iota}h, k)dh$
$(n-1)/2<Re(s)<k-(n-1)/2$ (
[Shn, p.55] $)$ $V_{n}(\mathbb{R})$ $f_{n}(x, k)$
$f_{n}.(x, k)=\{$
$(\det x)k-(n+1)/2\exp(-2\pi \mathrm{t}\mathrm{r}(x))$ if $x\in V_{n}^{n}$
$0$ . . . otherwise
$z(f_{n}(X, k),$ $s)$
$Z(f_{n}(_{X}, k),$
$S):= \int_{GL(}+\mathrm{R})/sLn(\mathbb{Z}))^{2}n(\det hsx\in L^{*}\sum_{n}f_{n}(hX^{t}h, k)dh$
${\rm Re}(s)>(n+1)/2$ ${\rm Re}(k+s)>n$ :
$Z(f_{n}(x, k),$ $S)=\pi n(n-1)/4(2\pi)^{-}(k+S-(n+1)/2)n\gamma n(k+s-n-1)\mathrm{x}\xi_{n}^{*}(s)$
$\gamma_{n}(s)=\prod_{j=0}\Gamma n-1(s+1+j/2)$




$\sum_{x\in L_{n}}\det(1_{n}-ihx^{t}h)^{-l}=\gamma’n,k\cross(\det h)^{-}(n+1)\sum_{x\epsilon Ln}.(\mathrm{d}\mathrm{e}(\hslash)\mathrm{t}x)k-(n+1)/2\exp(-2\pi(th^{-1}Xh^{-1}))$
$Z(f_{n}^{*}(X, k),$ $L_{n},$ $s)=$ ( ) $\cross(2\pi)^{s-}k(\gamma_{n}k-s-(n+1)/2)\mathrm{x}\xi_{n}*((n+1)/2-s)$
$I_{n}(\Pi_{n}, N, k)=$ Const $\mathrm{x}\xi_{n}^{*}(0)$ (Const )
)
$\Gamma_{n}(N)(N\geq 3)$ torsion
Conjecture $k>2n,$ $N\geq 3$
$\dim_{\mathrm{C}}6_{k}(\Gamma_{n}(N))=\sum_{r=0}^{n}I_{n}(\Pi_{r}, N, k)$
$n\leq 3$ $\circ n=2$ Yamazaki [Ya] ( ) Morita [Mo] $\text{ }$
Christian [Ch] $n=3$ Tsushima [Tsu] ( )
Hashimoto (Selberg )
zeta $\xi_{n}^{*}(s)$





$\zeta(s)=\frac{1}{\Gamma(_{S})(e2\pi is-1)}\int$ $t^{s-1} \frac{1}{e^{t}-1}dt$
contour $\zeta(s)$
$\zeta(1-n)=-\frac{B_{n}}{n}$ $n\in \mathbb{Z},$ $n\geq 0$
$B_{n}$ Bernouli $n=2$ $\xi_{2}^{*}(s)$ contour
[Arl] ( $\epsilon_{2}^{*}(0)$ )
$n\geq 3$
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2 - zeta Jacobi forms
- zeta
( $\delta=+1$ ) Jacobi Eisenstein
Jacobi $[$Shml, $2]_{\text{ }}$
Cohen [Co] $\text{ }\mathrm{K}\mathrm{o}\mathrm{h}\mathrm{n}\mathrm{e}\mathrm{n}_{\text{ }}$ Eichler-Zagier [E-Z] $\text{ }$ Skoruppa [Sk] $-$
( $\delta=-1$ ) $-$
$I\mathrm{t}’$
$\mathrm{Q}$ 2 $I\mathrm{t}’=\mathrm{Q}\oplus \mathrm{Q}$
$K$ 2 $d_{K}$ $xIC$ $I\mathrm{t}’/\mathrm{Q}$ Dirichlet (Kronecker
) $L(s, x_{I\dot{1}^{\vee}})$ Dirichlet L-
$I\mathrm{f}=\mathrm{Q}\oplus \mathrm{Q}$ $d_{I\mathrm{f}}=1,$ $\chi_{Ic=\mathrm{t}\mathrm{r}}\mathrm{i}_{\mathrm{V}}\mathrm{i}\mathrm{a}1,$ $L(s, \chi_{I}\mathrm{f})=\zeta(S)$
- zeta ([I-S1], [I-S2])











$\delta=+1$ $D_{n}^{*}(s, \delta)$ Cohen Eisenstein weight
Mellin $D_{n}^{*}(s, \delta)$
$n=2k-2$ ( $k$ weight ) $\delta=+1$ $L(s, \chi_{K})$




$0$ . . . $D\not\equiv \mathrm{O},$ $1$ mod 4
$\zeta(2s-1)$ ... $D=0$
$L(s, \chi_{I}c)RI\mathrm{f}(l;s)$ $D\equiv 0,1$ mod 4
$D\equiv 0,1$ mod 4 $D=d_{I1^{\prime l}}2$ ( $d_{I\backslash }$, $l\in \mathbb{Z}>0$ )









$H(k-1, d;+1)(d\in \mathbb{Z}_{\geq 0})$ Cohen ([Co] $\text{ }$ [E-Z] )
$D_{2k-2}^{*}(s;+1)$ weight Eisenstein Mellin
$[$Shml, $2]_{\text{ }}$ [Co] $\text{ }$ [Ko] $\text{ }$ [E-Z] $\text{ }$ [Sk1,2]
Jacobi Eisenstein
Jacobi ([E-Z] $\text{ }$ skew holomorphic Jacobi forms
[Skl,2] $)$ $\Gamma=SL_{2}(\mathbb{Z})\text{ }e(w)=\exp(2_{7\ulcorner}iw)$ $m,$ $k\in \mathrm{N}$ $J_{k,m}$ ( resp.
$J_{k,m}^{skew})$ (i) $($ resp. $(\mathrm{i})’)_{\text{ }}(\mathrm{i}\mathrm{i}),$ $(\mathrm{i}\mathrm{i}\mathrm{i})$ (resp. (i\"u)’) $\cross \mathbb{C}$
(resp. )
(i) $\varphi(M(\tau, Z))=e(\frac{mcz^{2}}{c\tau+d})(_{C\mathcal{T}}+d)^{k}\varphi(\mathcal{T}, Z)$ , $\forall M=\in\Gamma$
resp. $(\mathrm{i})$ ’ $\varphi(M(\tau, z))=e(\frac{mcz^{2}}{c\tau+d})\overline{(c\mathcal{T}+d)}|C\mathcal{T}k-1+d|\varphi(\mathcal{T}, Z)$ , $\forall M\in\Gamma$
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(ii) $\varphi(\tau, Z+\lambda_{\mathcal{T}}+\mu)=e(-m(\lambda^{2}\tau+2\lambda z))\varphi(\tau, z)$ , $\forall\lambda,$ $\mu\in \mathbb{Z}$
(iii) $\varphi(\tau, z)$ Fourier
$\varphi(_{\mathcal{T},Z})=\sum_{0n,,r\epsilon \mathbb{Z},4mn-T\geq 2}c(n, r)e(n\mathcal{T}+rz)$
resp. $(\mathrm{i}\mathrm{i}\mathrm{i})$ ’ $\varphi(\tau, z)$ Fourier
$\varphi(\tau, z)=\sum_{nn,,r\in \mathbb{Z},4m-r}2\leq 0c(n, r)e(n\overline{\tau}+\frac{i}{2}r^{2}\eta+rZ)$ , $\eta={\rm Im}\tau$
$\text{ }M=$ $M( \tau, z)=(\frac{a\tau+b}{c\tau+d},$ $\frac{z}{c\tau+d})$
$J_{k,m}$ ( resp. $J_{k,m}^{sk_{6w}}$ ) index $m$ , weight $k$ holomorphic Jacobi form ( resp.
skew holomorphic Jacobi form) Jacobi Eisenstein
$E_{k,m}(\tau, z)$ $=$ $\sum_{M\in\Gamma\infty\backslash \Gamma}\sum_{\lambda\in \mathbb{Z}}(c\mathcal{T}+d)-ke(m(\lambda^{2}M\langle\tau\rangle+\frac{2\lambda z}{c\tau+d}-\frac{cz^{2}}{c\tau+d}))$
$E_{k}^{sk},(m\tau, z)$ $=$ $\sum_{M\in\Gamma_{\infty}\backslash \Gamma}\sum_{\lambda\in \mathbb{Z}}\overline{(_{C\mathcal{T}+d})}^{1}|_{C}\tau+d|^{-}-k1e(m(\lambda^{2}M\langle_{\mathcal{T}}\rangle+\frac{2\lambda z}{c\tau+d}-\frac{cz^{2}}{c\tau+d}))$
$\Gamma_{\infty}=\{\pm|l\in \mathbb{Z}\}$
$k>3$ $E_{k,m}(\tau, z)\in$ ,m $E_{k,m}^{sk}(\tau, z)\in J^{s}k,mkew$
Jacobi





$h_{r}( \tau)=\sum_{n=r}^{\infty}c(n, r)e(\tau(n-\frac{r}{4}))$ ( $r=0$ or 1)
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$n \leq\sum_{\mathrm{f}/4}c(n, r)e(\overline{\tau}(n-\frac{r}{4}))$ ($r=0$ or 1)
$(c(n, r)$ $\varphi$ Fourier ) $\circ$
$([\mathrm{S}\mathrm{h}\mathrm{m}\mathrm{l},2])$ Modular $\Gamma_{0}(4)$





([Shm2]) Kohnen subspace $M_{k1/2}^{+}-(\Gamma_{0}(4))$ (i), (ii)
$f(\tau)$ :
(i) $f(M\langle\tau\rangle)=j(M, \mathcal{T})^{2}k-1f(\mathcal{T})$ , $\forall M\in\Gamma_{0}(4)$
(ii) $f(\tau)$ Fourier $f( \tau)=\sum_{n=0}C(\infty n)e(n\mathcal{T})$ Fourier $c(n)$
$c(n)=0$ unless $(-1)^{k1}-n\equiv 0,1$ mod 4
Theorem 3 (Kohnen, Eichler-Zagier [E-Z])
(i) $k$
$\iota_{k}$ : $J_{k,1}\simeq M_{k-}^{+}(1/2\Gamma_{0}(4))$
$\iota_{k}$ $\varphi-h(\mathcal{T})=h\mathrm{o}(4\mathcal{T})+h_{1}(4\tau)$
(ii) $k$




) $M_{k.1/2}^{+}-(\mathrm{r}_{0}(4))\simeq Jk,1\oplus J_{k,1}^{Skw}\mathrm{e}$ $k$ $J_{k,1}^{sk\mathrm{e}w}=\{0\}_{\backslash }k$
$J_{k,1}=\{0\}$
Eisenstein Fourier $E_{k,1}(\tau, z),$ $E_{k}^{sk},(1\tau, z)$
Fourier
$E_{k,1}(\tau, z)$




$n \in \mathrm{z},4\sum_{\leq n-r02}e_{k,1}^{sk}(n, r)e(n\overline{\mathcal{T}}+\frac{i}{2}r^{2}\eta+rz)$
$k$ odd $>2$
$k=3$ $E_{k,1}^{sk}(\tau, z)$ Fourier






1 . . . if $r^{2}=4n$





1 . . . if $r^{2}=4n$
Theorem 1 $\iota_{k}$ $E_{k,1}^{sk}(\tau, z)$
$\iota_{k}(E_{k,1}^{sk})=1+\sum_{D=1}^{\infty}\frac{L_{D}(2-k)}{\zeta(3-2k)}e(D\tau)$
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Theorem 5(Ibukiyama-Saito) $k>2$ $D_{2k-2}^{*}(s;+1)$ $s$
$(\pi/2)^{-s}\Gamma(s)D^{*}-2(2kS;+1)=\epsilon(k)^{\sqrt{2}\Gamma}(2\pi)^{s-k}+1/2(k-1/2-s)D_{2k}-2(k-1/2-s;+1)$
$\epsilon(k)=\{$
$(-1)^{k/2}$ . . . $k$
$(-1)^{(}k-1)/2$ . . . $k$
Cohen Eisenstein $G_{k-1/2}^{+}$
$H_{k1/2}^{+}(- \tau)=\sum_{n=0}^{\infty}H(k-1,4n;+1)e(n\tau)$
$(*)$ $G_{k-1/2}^{+}(- \frac{1}{4\tau})=\sqrt{2}e^{\pm i/}\pi 4\tau-/2H_{k^{+}-}k1(_{\mathcal{T})}1/2$
$e^{\pm\pi i/4}$ $k$ $+_{\text{ }}k$ $(*)$








$G_{k-1/2}^{+}(- \frac{1}{4\tau})$ $=$ $\zeta(3-2k)(h_{0}+h_{1})$
$=$ $(1+i)\tau^{k-1}/2\zeta(3-2k)h_{0}(\tau)$
$(*)$
) $\delta=-1$ $k=2$ Eisenstein
Fourier - original
I $\mathrm{Q}_{8}$ 8 8 $\det(2Q_{8})=1\text{ }$
$((8, 8)$ ) 1 ( $.Q_{8}$ Serre p.77
Notation $\mathrm{r}_{8}=2Q8$ )
$Q_{8}=$ $\overline{Q_{8}}=M-\frac{1}{4}{}^{t}qq$
$D_{6}^{*}(_{S};+1)= \zeta(-5)\sum_{n=1}^{\infty}\#\{X\in \mathbb{Z}^{7}|{}^{t}X(4\overline{Q_{8}})x=n\}\cdot n^{-_{S}}$
$k=4$ $\dim J_{4,1}=1$ $E_{4,1}(\tau, z)=\theta Q\delta(\mathcal{T}, Z)$
4 $|k$ zeta $D_{2k-2}^{*}(S;+1)$ 2 zeta
Eisenstein $E_{k,1}$ $(\tau, z)$ Jacobi Siegel formula theta
1 ([Ar2] )
2 $k=5$
$D_{8}^{*}(s;+1)=((-7) \sum_{n=1}^{\infty}\#\{X\in \mathbb{Z}^{9}|{}^{t}XX=n\}\cdot n^{-S}$
dimc $J_{5}^{Ske},w=11$
$k\equiv 1$ mod 4 $D_{2k-2}^{*}(s;+1)$ 2 zeta
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